We introduce a concept of cyclotomic association scheme C over a finite nearfield. It is proved that if C is nontrivial, then Aut(C) ≤ AGL(V ) where V is the linear space associated with the near-field. In many cases we are able to get more specific information about Aut(C).
Introduction
An algebraic structure K = (K, +, •) is called a (right) near-field if K + = (K, +) is a group with the neutral element 0 K , K × = (K \ {0 K }, •) is a group, x • 0 K = 0 K for all x ∈ K and (x + y) • z = x • z + y • z, x, y, z ∈ K.
In finite case the group K + is elementary abelian and the group K × is abelian iff K is a field (concerning the theory of near-fields we refer to [11] ). Moreover, by the Zassenhaus theorem apart from seven exceptional cases each finite near-field K is the Dickson nearfield, i.e. there exists a finite field F 0 and its extension F such that F + = K + and
where σ x ∈ Aut(F/F 0 ) and · denotes the multiplication in F. In this case |F 0 | = q and |K| = |F| = q n where q is a power of a certain prime p and n = [F : F 0 ]. It can be proved that (q, n) forms a Dickson pair which means that every prime factor of n is a divisor of q − 1 and 4 | n implies 4 | (q − 1). There exist exactly ϕ(n)/k nonisomorphic Dickson near-fields corresponding to the same Dickson pair (q, n) where k is the order of p (mod n).
Let K be a finite near-field and K be a subgroup of the group K × . Set R = {R a } a∈K where
is a binary relation on the set K. Then it is easily seen that any such a relation is a 2-orbit of the permutation group
and so the pair (K, R) forms an association scheme on K (see Section 2 for the background on permutation groups and association schemes). We call it the cyclotomic scheme over the near-field K and denote it by Cyc(K, K). The number |K| is called the valency of the scheme. If K = K × , then the scheme is of rank 2 and we call it the trivial scheme. The set of all cyclotomic schemes of valency m < q n − 1 over a Dickson near-field corresponding to a Dickson pair (q, n), is denoted by Cyc(q, n, m).
When K = F is a field, we come to cyclotomic schemes introduced by P. Delsarte (1973) . One can see that any two such schemes of the same rank are isomorphic. Moreover, the automorphism group of such a nontrivial scheme is a subgroup of the group AΓL 1 (F) (see [1, p.389] ). However there exist a number of cyclotomic schemes over near-fields which are not isomorphic to cyclotomic schemes over fields. The main purpose of this paper is to study isomorphisms of cyclotomic schemes over near-fields.
The additive group of a finite near-field K being an elementary abelian one, can be identified with the additive group of a linear space V K over the prime field containing in the center of K. If there exist isomorphic cyclotomic schemes over near-fields K and K ′ , then obviously |K| = |K ′ | and hence the linear spaces V K and V K ′ are isomorphic. Thus to study isomorphisms of cyclotomic schemes we can restrict ourselves to near-fields K with fixed linear space V = V K . Theorem 1.1 Let C and C ′ be nontrivial cyclotomic schemes over near-fields K and K
For the trivial scheme C we obviously have Aut(C) = Sym(K). Thus the inclusion Aut(C) ≤ AGL(V ) holds only if |K| ≤ 4. In general case, the right-hand side of the first inclusion of Theorem 1.1 can not be reduced because Iso(C, C) = AGL(V ) where C = Cyc(K, F) with F being a finite field of composite order and K being the multiplicative group of the prime subfield of F.
We prove Theorem 1.1 in Section 3. The key point of the proof is Theorem 3.2 showing that the operation of taking the 2-closure preserves the socle of any uniprimitive 3/2-transitive permutation groups of the affine type. (Here we essentially use the result of [7] .) This also gives a criterion for the isomorphism of nontrivial cyclotomic schemes (Theorem 3.4).
The second part of Theorem 1.1 can be made more precise in some cases. For instance, if the cyclotomic scheme C = Cyc(K, K) is imprimitive, then Aut(C) = Γ(K, K) (Corollary 3.6). In general case it is not true even for a cyclotomic scheme over a finite field because Aut(C) can contain some automorphisms of the field. However, we are able to restrict the automorphisms of a cyclotomic scheme by using Zsigmondy prime divisors of its valency. Definition 1.2 Given integers q, n ∈ N a prime divisor r of q n − 1 is called a Zsigmondy prime for (q, n) if r does not divide q i − 1 for all 1 ≤ i < n. The set of all such primes greater than a natural number k is denoted by Z k (q, n).
It is known that at least one Zsigmondy prime for (q, n) exists unless (q, n) = (2, 6) or q + 1 is a power of 2 and n = 2 (see e.g. [9] ). Moreover, any such prime is of the form r = an + 1 for some a ≥ 1. Theorem 1.3 Let C ∈ Cyc(p d , n, m) be a cyclotomic scheme over a Dickson near-field. Suppose that m has a prime divisor r ∈ Z 2dn+1 (p, dn). Then the group Aut(C) is isomorphic to a subgroup of the group AΓL 1 (p dn ).
From Corollary 2.3 it follows that in the condition of Theorem 1.3 the scheme C is primitive. In fact, this theorem shows also that for a sufficiently large n the group Aut(C), is isomorphic to a subgroup of the group AΓL 1 (p d ) in all but one case.
Let C = Cyc(K, K) and C ′ = Cyc(K ′ , K) be cyclotomic schemes of the same valency m < q n − 1 over a Dickson near-field K of order q n . Then
Suppose that r = (q n − 1)/m is a prime and r 2 ∤ (q n − 1). Then the groups K and K ′ are the Hall subgroups of the group K × and so are conjugate in it. So the schemes C and C ′ , and hence the groups Aut(C) and Aut(C ′ ), are isomorphic. Thus Theorem 1.4 shows that given a Dickson near-field K corresponding to the Dickson pair (q, n) with n ≫ q, there is at most one (up to isomorphism) nontrivial cyclotomic scheme C over K for which we don't know whether Aut(C) is isomorphic to a subgroup of the group AΓL 1 (q n ). Theorem 1.4 is proved in Section 4 by means of the classification of linear groups with orders having certain large prime divisors, given in [4] . We believe that more delicate analysis of this classification could improve our result to show that Aut(C) is isomorphic to a subgroup of the group AΓL 1 (q n ) apart from a finite number of possible n's for a fixed q.
2 Permutation groups and association schemes 2.1 Concerning basic facts of finite permutation group theory we refer to [3] . Let U be a set with at least two elements and m ≥ 2 be an integer. Following [7] we say that a permutation group G ≤ Sym(V ) preserves a product decomposition U m of V , if the latter can be identified with the Cartesian product U m in such a way that G is a subgroup of the wreath product Sym(U) ≀ Sym(m) in product action. Any element g of the latter group induces uniquely determined permutations g 1 , . . . , g m ∈ Sym(U) and
If G projects onto a transitive subgroup of Sym(m), then the subgroup of index m in G stabilizing the first entry of points of U m induces a subgroup of Sym(U) on the set U of first entries of points of V = U m ; this group is called the group induced by G on U. The following statement being a special case of result of [7, Lemma 4 .1] will be used in Section 3. Below a primitive group is called uniprimitive if it is not 2-transitive, and it is called of affine type if the socle of it is abelian. Theorem 2.1 Let G ≤ Sym(V ) be a uniprimitive group of the affine type. Suppose that soc(G) = soc(G (2) ). Then G and G (2) preserve a product decomposition V = U m such that |U| ≥ 5, m ≥ 2 and the group induced by G (2) on U contains Alt(U).
2.2
Let V be a finite set and R be a partition of the set V 2 containing the diagonal ∆(V ) of V 2 . Then the pair C = (V, R) is called a (noncommutative) association scheme or a scheme on V if R is closed with respect to the permutation of coordinates, and given the binary relations R, S, T ∈ R the number |{v ∈ V : (u, v) ∈ R, (v, w) ∈ S}| does not depend on the choice of (u, w) ∈ T . Two schemes C = (V, R) and
The set of all such isomorphisms is denoted by Iso(C, C ′ ). The group Iso(C) = Iso(C, C) contains a normal subgroup
called the automorphism group of C. The elements of V and R = R(C) are called the points and the basis relations of C respectively; the numbers deg(C) = |V | and rk(C) = |R| are called the degree and the rank of C. The scheme C is called imprimitive if there exists an equivalence relation E on V such that E ∈ {∆(V ), V 2 } and E is a union of some basis relations of C; otherwise C is called primitive whenever deg(C) > 1.
A wide class of schemes comes from permutation groups as follows. Let Γ ≤ Sym(V ) be a permutation group and R the set of all 2-orbits of Γ. Then the pair Inv(Γ) = (V, R) is a scheme and Aut(Inv(Γ)) = Γ (2) .
In particular, any cyclotomic scheme Cyc(K, K) over a near-field K equals the scheme Inv(Γ) with Γ = Γ(K, K). It is also true that the scheme Inv(Γ) is primitive iff so is the group Γ.
2.3
Let K be a near-field and K ≤ K × . Then the group Γ(K, K) defined by (4) can be naturally identified with a subgroup of the group AGL(V ) where V = V K . Under this identification the group K (considered as the subgroup of the group Γ(K, K)) goes to a subgroup of the group GL(V ). This subgroup is called the base group of the corresponding cyclotomic scheme Cyc(K, K). Thus the base group is nothing else than the image of the natural linear representation of K in GL(V ). Theorem 2.2 Let C be a cyclotomic scheme over a near-field K. Then C is primitive iff the base group of C is irreducible.
Proof. Let C = Cyc(K, K) for some group K ≤ K × . Then C = Inv(Γ) where Γ = Γ(K, K). So the scheme C is primitive iff the group Γ is primitive. However, from [10, p.19 ] it follows that the latter statement holds iff the stabilizer of the point 0 K in the group Γ is an irreducible subgroup of the group GL(V K ). Since this stabilizer coincides with the base group of the scheme C, we are done.
It should be noted that for a primitive cyclotomic scheme Cyc(K, K) the base group can be primitive (as a linear group) or not. The latter case is realized e.g. for K being the field of order 9 and for K being the subgroup of K × of order 4 (then Γ(K, K) is isomorphic to the subgroup of the wreath product Sym(3) ≀ Sym(2) in the product action). Corollary 2.3 Let C be a cyclotomic scheme satisfying the hypothesis of Theorem 1.3. Then C is primitive.
Proof. Let C = Cyc(K, K × ) and G be the base group of C. Then G ≤ GL(V ) where V = V K and r divides |G| = |K| = m. So the group G is irreducible (see [5, S 6] ) and we are done by Theorem 2.2.
Let V be a linear space over a prime finite field and G ≤ GL(V ) be an irreducible abelian group. Then G is cyclic and the linear span F 0 = L(G) of it (in the algebra Mat(V )) is a finite field with |V | elements (see [5] ). In particular, the group F × 0 being a Singer subgroup of GL(V ), acts regularly on the set V # = V \ {0 V } by the multiplication of matrix to vector. So for a fixed element u ∈ V # there is a bijection
translating the field structure from F 0 to V . For the corresponding field F = F(G) we have F + = V + and K ≤ F × where K is the permutation group on V induced by the group G.
Theorem 2.4 Any primitive cyclotomic scheme with the abelian base group is a cyclotomic scheme over a field.
Proof. Let C = Cyc(K, K) be a primitive cyclotomic scheme over a near-field K where the group K ≤ K × is abelian. The base group G ≤ GL(V ) where V = V K , of this scheme is isomorphic to K and hence is also abelian. Due to the primitivity of C from Theorem 2.2 it follows that G is irreducible. By the definition of the field F = F(G) we have F) ) is a cyclotomic scheme over the field F and we are done.
3 An isomorphism criterion for cyclotomic schemes 3.1 In this section we prove Theorem 1.1. When the base group of a cyclotomic scheme is primitive as a linear group, the required statement immediately follows from Theorem 2.1. In the imprimitive case we need to strengthen the latter theorem by means of the following lemma. We recall that a transitive group Γ ≤ Sym(V ) is called 3/2-transitive if all the orbits of its one point stabilizer Γ v on V \ {v} have the same size. Proof. Let us fix a point u = (u 0 , . . . , u 0 ) ∈ U m where u 0 ∈ U. Then from (5) it follows that u g i 0 = u 0 for all g ∈ G u and all i ∈ I = {1, . . . , m}. This implies that the cardinality of the set I v = {i ∈ I : v i = u 0 } with v i being the ith component of v, does not depend on the choice of v inside of an orbit of the group G u . Thus, the sets
are G u -invariant. We note that from the definition of R it follows that |R in (w)| = 2 for all w ∈ V 2 where R in (v) = {u ∈ V : (u, v) ∈ R}.
where S out (u) = {v ∈ V : (u, v) ∈ S}. Indeed, since S is a G u -invariant relation the numbers |S out (x)| and |S in (v)| do not depend on x ∈ X 1 and v ∈ X 2 respectively. Denote them by a 1 and a 2 . Then |X 1 |a 1 = |X 2 |a 2 . Taking into account that |X 1 | = |X 2 | due to 3/2-transitivity of G, we conclude that a 1 = a 2 . Since a 2 = 2 by the definition of the relation S (see (6) ), and we are done.
Claim 2. The following inequality holds:
Indeed, let x, y ∈ V 1 . Then I x = {i} and I y = {j} for some distinct i, j ∈ I. So there exists the uniquely determined element v ∈ V 2 such that x i = v i and y j = v j . Then (x, v), (y, v) ∈ R. From Claim 1 with X 1 and X 2 being the orbits of the group G u containing x and v, it follows that S out (x) = {v, v ′ } for some v ′ ∈ X 2 \{v ′ } where S = R X 1 ,X 2 . It is easy to see that the set S out (x) is G u,x -invariant and hence so is the set R in (v) ∪ R in (v ′ ). However, this set contains at most three points and two of them are x and y. So
and we are done.
Claim 3. Let x ∈ V 1 and v ∈ V 2 . Then (G u,x ) Y is a 2-group where Y = v Gu,x . Indeed, let I v = {i, j} for some i, j ∈ I. Since i = j, we can assume that {i} = I x . Set y to be the unique element of V 1 such that y i = v i . Then from Claim 2 it follows that y Gu,x = {y, z}
where S = R X,Y with X = y Gu,x . Moreover, by Claim 1 we also have that both of sets in the right-hand side are of cardinality equal 2. Thus taking into account that S in (v) ∩ {y, z} = {y} we see that either |Y | = 4 and |(G u,x,y,z ) Y | = 2. In any case |(G u,x ) Y | ∈ {4} and we are done.
Claim 4. The action of
′ . This implies that g i = id U for all i ∈ I. On the other hand, taking v i = v j , we see that i σg = i and j σg = j. Thus σ = id I and we are done.
To complete the proof of Lemma 3.1 take v ∈ V 1 . By Claim 4 the group G u,v acts faithfully on V 2 . So it is isomorphic to a subgroup of the direct product of the groups (G u,v ) X where X runs over the set Orb(G u,v , V 2 ). Then it is 2-group by Claim 3 and we are done. Theorem 3.2 Let G ≤ Sym(V ) be a uniprimitive 3/2-transitive group of the affine type. Then soc(G) = soc(G (2) ).
Proof. Suppose that soc(G) = soc(G (2) ). Then from Theorem 2.1 it follows that the groups G and G (2) preserve a product decomposition V = U m such that |U| ≥ 5, m ≥ 2 and the group induced by G (2) on U contains Alt(U). This implies that
for some natural number a. On the other hand, the group G (2) is obviously uniprimitive and 3/2-transitive. So the size of any nontrivial orbit of a one point stabilizer of G (2) equals to the same number, say d. One can see that d = me for some divisor e of |U| − 1. So by Lemma 3.1 applied to G (2) we have
for some natural number k. Now from (7) and (8) it follows that
However, this is impossible for |U| ≥ 5. Indeed, |V | = p b = |U| m for some prime p and some natural number b, but for |U| ≥ 5 the number in the left-hand side has at least one prime divisor different from p and 2.
Since the 2-closure of 3/2-transitive group is 3/2-transitive, from Theorem 3.2 it follows that the group G (2) is a uniprimitive 3/2-transitive group of the affine type. If in addition, G preserves a product decomposition, then the same decomposition is preserved by G (2) . Thus the form of this group can be found by means of the classification of 3/2-transitive imprimitive linear groups given in [6] .
3.2
In this subsection we fix a near-field K, a cyclotomic scheme C over K and denote by T = T V the translation group of the linear space V = V K . In particular, T ≤ Sym(V ). Proof. Set Γ = T G where G is the base group of C. Since Aut(C) = Γ (2) , the orbits of the stabilizer of the point 0 V in the group Aut(C) coincide with the orbits of the group G. On the other hand, obviously,
where V # = V \ {0 V }. So Aut(C) is a 3/2-transitive permutation group. Suppose first that the scheme C is imprimitive. Then the group Aut(C) is imprimitive. Since any 3/2-transitive group is either primitive or a Frobenius group [12, Theorem 10.4], we conclude that Aut(C) is a Frobenius group. The Frobenius kernel of this group has the cardinality |V | = |T | and contains all fixed point free elements of the group Γ. Thus the Frobenius kernel coincides with T which proves statement (1) .
Suppose that C is a primitive scheme. Then the group Γ is primitive. Clearly, the group T is a normal abelian subgroup of it. This implies that the socle of Γ is abelian and hence soc(Γ) = T (see [3, Theorem 4.3 .B]). Thus Γ is a group of the affine type. Since it is 3/2-transitive, Theorem 3.2 implies that
which completes the proof.
Proof of Theorem 1.1. Let f ∈ Iso(C, C ′ ). Then obviously f is a permutation group isomorphism from Aut(C) to Aut(C ′ ). Since both of these groups are transitive, without loss of generality we assume that f leaves the point 0 V fixed. Then it suffices to verify that f ∈ Aut(T ) = GL(V ). However, the schemes C and C ′ are primitive or not simultaneously. Thus the required statement follows from Lemma 3.3.
3.3
To make statements of Theorem 1.1 more precise given a group G ≤ GL(V ) we set
Clearly, G coincides with the largest group H ≤ GL(V ) such that Orb(H) = Orb(G). We call this group the linear closure of G.
Theorem 3.4
In the conditions of Theorem 1.1 denote by G and G ′ the base groups of the schemes C and C ′ respectively. Then these schemes are isomorphic iff the groups G and G ′ are conjugate in GL(V ). Moreover, Aut(C) = T G where T = T V .
Proof. From Lemma 3.3 it follows that T is a normal subgroup of the group Aut(C) = (T G) (2) . Thus the second statement of the theorem is the consequence of (9) and the following lemma. Lemma 3.5 Let A be a group and G ≤ Aut(A). Denote by T the permutation group on A induced by the right regular representation of A. Suppose that T is a normal subgroup of the group Γ = (T G) (2) . Then Γ = T (Aut(A) ∩ G (1) ).
Proof. Set H to be the stabilizer of the point e = 1 A in the group Γ. Then Orb(H) = Orb(G) and hence H ≤ G (1) . On the other hand, since T is normalized by H and e H = {e} we have h −1 t a h = t a h for all a ∈ A and h ∈ H where t a is the element of T taking x to xa.
Thus H ≤ Aut(A), and hence
. Then given c ∈ A there exists g c ∈ G such that c g = c gc . So given a, b ∈ A due to the normality of T we have
where t is the element of T such that a t = e, c = b t and s = g −1 t −1 g. Since tg c s ∈ T G, this means that g preserves the 2-orbit of the group T G containing (a, b) for all a, b ∈ A. Thus g ∈ Γ and hence, Aut(A) ∩ G (1) ≤ Γ. This implies that T (Aut(A) ∩ G (1) ) ≤ Γ and we are done.
To prove the first statement of Theorem 3.4 suppose that g −1 Gg = G ′ for some g ∈ GL(V ). Then by the second statement of the theorem we have
whence it follows that g ∈ Iso(C, C ′ ). Conversely, let g ∈ Iso(C, C ′ ). Then g −1 Aut(C)g = Aut(C ′ ). By Theorem 1.1 without loss of generality we can assume that g ∈ GL(V ). Then g leaves the point v = 0 V fixed and by the first part we have
which complete the proof.
For imprimitive cyclotomic schemes Theorem 3.4 can be simplified as follows.
Corollary 3.6 Let the cyclotomic schemes C and C ′ be imprimitive. Then they are isomorphic iff their base groups are conjugate in GL(V ). Moreover, G = G and Aut(C) = T G.
Proof. From statement (1) of Lemma 3.3 it follows that Aut(C) is an imprimitive Frobenius group. Since T G ≤ Aut(C) and |T G| = | Aut(C)|, it follows that Aut(C) = T G. Since obviously G ≤ G, this also shows that G = G. Now the first part of the required statement is a consequence of Theorem 3.4 after taking into account that two isomorphic schemes are primitive or not simultaneously.
Proof of Theorems 1.3 and 1.4
The main tool of this section is the following theorem which is deduced from the classification [4] of linear groups with orders having certain large prime divisors. In our case such a divisor coincides with a Zsigmondy prime r for a pair (q, n). We observe that any cyclic group G ≤ GL(n, q) of order r is irreducible. This is a consequence of the fact that the linear span L(G) of it is a finite field F with q n elements. Below we consider the group ΓL 1 (F) as a subgroup of GL(n, q). (2, 6) }. Suppose that G is a cyclic group of order r ∈ Z 2n+1 (q, n) and the group Γ acts intransitively on the set of all nonzero vectors of the underlying linear space. Then Γ ≤ ΓL 1 (F) where F = L(G).
Proof. We observe that the Zsigmondy prime r for (q, n) is a primitive prime divisor of q n − 1 in terms of [4] . Since r divides |Γ|, the hypothesis of the theorem implies that the group Γ satisfies the condition of the Main Theorem of that paper with d = e = n. So by this theorem one of the following statements holds:
(1) Γ has a normal subgroup isomorphic to SL n (q), Sp n (q), SU n (q) or Ω − n (q),
(q, n) = (2, 4) or (2, 6) where GL(n/m, q m ) · m is the general linear group GL(n/m, q m ) embedded to GL(n, q) and extended by the group of automorphisms of the field extension GF(q m ) : GF(q). However, the cases (1), (2) and (4) are contradict to the intransitivity of Γ, the conditions on r and on (q, n) respectively. Let us consider case (3) .
Suppose first that m = n. Set q ′ = q m and n ′ = n/m. Then obviously (q ′ , n ′ ) ∈ {(2, 4), (2, 6)} and r ≥ 2n + 1 > 2n ′ + 1. This implies that Z 2n+1 (q, n) ⊂ Z 2n ′ +1 (q ′ , n ′ ) and we can apply the same arguments by induction. Thus we can assume that m = n and Γ ≤ GL(n/n, q n ) · n = ΓL 1 (F ′ ) for some field F ′ ⊂ Mat(n, q). To complete the proof we observe that the multiplicative group of F ′ is contained in the normalizer ΓL 1 (F) of the group G in GL(n, q). Since F × is the unique Singer subgroup of GL(n, q) contained in ΓL 1 (F) (see [2] ), it follows that F ′ = F and we are done.
Proof of Theorem 1.3. From the hypothesis of the theorem it follows that r divides the order m of the base group of the scheme C. So the latter group contains a cyclic subgroup G of order r. By Theorem 1.1 we see that Γ = Aut(C) u with u = 0 V is a subgroup of GL(nd, p). Moreover, G ≤ Γ and Γ acts intransitively on the set V # (because m < p d − 1). Finally, (p, nd) ∈ {(2, 4), (2, 6)} only if n = 1, because (2, 4), (4, 2), (8, 2) and (2, 6) are not Dickson pairs, and for the Dickson pair (4, 3) we have (p, d, n) = (2, 2, 3) and the set Z 2dn+1 (p, dn) is empty (there are no Zsigmondy primes for (2, 6) ). Thus Γ ≤ ΓL 1 (F) with F = L(G) by Theorem 4.1, and hence the group Aut(C) is isomorphic to a subgroup of the group AΓL 1 (F). Since |F| = p d , we are done.
Proof of Theorem 1.4. First we cite some number theoretical results from [8] . Given n ∈ N denote by P [n] the greatest prime factor of n and given 0 < κ < 1/ log 2 let N κ = {n ∈ N : D(n) ≤ κ log log n} where D(n) is the number of distinct prime factors of n. Then according to [8, p.25] given real numbers α, β there exists a constant C κ > 0 such that for each n ≥ 3, n ∈ N κ , the following inequality holds: P [Φ n (α, β)] > C κ n log n 1−κ log 2 log log log n
with Φ n (α, β) = i (α − ζ i β) where ζ is a primitive nth root of 1 and i runs over the set of all numbers 1, . . . , n coprime to n.
Let us fix a prime power q = p d and given a number N ∈ N set N (q, N) = {dn ∈ N : dn ≥ N and (q, n) is a Dickson pair}.
Choose N q to be the minimal number n ∈ N for which D(d) log q ≤ κ log log n where κ = 1/(2 log 2). Then given dn ∈ N (q, N q ) we have
So dn ∈ N κ and hence N (q, N q ) ⊂ N κ . By (10) this implies that for a fixed q we have P [Φ dn (p, 1)] > C κ n √ log n log log log n > 2dn + 1 (11) for all sufficiently large n ∈ N (q, N q ). On the other hand, a prime factor r of the number Φ dn (p, 1) is not a Zsigmondy prime for (p, dn) iff r ≤ dn (see [9, Proposition 2] ). Thus from (11) it follows that there exists a natural number N 
where r = (q n − 1)/m, then the group Aut(C) is isomorphic to a subgroup of the group AΓL 1 (q n ). To do this set K ′ to be a maximal subgroup of K × containing K. The group K × being isomorphic to a subgroup of the group ΓL 1 (q n ), is solvable. Due to the maximality of K ′ this implies that there exists a normal elementary abelian subgroup K 0 of K × such that [K × : K ′ ] = |K 0 | is a prime power. Moreover, any Sylow subgroup of K × is a cyclic group or a quaternion group [11] . Thus K 0 is a cyclic group of prime order and so the number [K × : K ′ ] is prime. By (12) this implies that m ′ = |K ′ | has a prime divisor r ′ ∈ Z 2dn+1 (p, dn). So from Theorem 1.3 applied to the cyclotomic scheme C ′ = Cyc(K ′ , K × ) it follows that the group Aut(C ′ ) is isomorphic to a subgroup of the group AΓL 1 (q n ). Since Aut(C) ≤ Aut(C ′ ), we are done.
